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1. INTRODUCTION

We describe a two-level theory with two kinds of contexts and types. The first
level, whose types we call categories, is a simple linear type theory with an invo-
lutive modality, represented judgmentally by assigning variances to variables in the
context. Thus, for instance, a typical term judgment would look like

P Ay Bz CHt:D

As usual, linearity means that all the rules maintain the invariant that each variable
in the context is used exactly once in the conclusion. In particular, there are no
contraction and weakening rules; but we do allow an unrestricted (and usually
implicit) exchange rule. We often write ¥ for contexts of category-variables marked
with variances (“psigned contexts”), and we write ¥* for the analogous context
with all variances reversed; thus (z © A,y : B)* = (z : A,y | B).

Substitution into a variable of variance “—” (a “contravariant variable”) reverses
variances. For instance, we have

x?A,y?Bl—f(x,y):C z:CkFg(z): D
z: Ay BEg(f(x,y): D

If necessary, we may write f(z,y)* to denote the term f(x,y) with all the vari-
ances of its variables reversed; of course this is not by itself a valid term, but only
something that can be substituted for a contravariant variable.

The second level is a more complicated sort of linear type theory, whose types
we call types (or sometimes sets or modules), and that depends “quadratically”
on the first level (in a sense made precise below). Its basic type judgment is

U = M type

That is, each type depends on some collection of category-variables, with variance.
The basic term judgment for types is

A|THM

Here T' is a context of type-variables and M is a type. Unlike the first level, we
formulate this second level as a sequent calculus, and instead of including terms in
the judgments we regard the derivations themselves as the (normal-form) terms.
Later on we may introduce an equational theory, a term calculus, a third layer of
logic with equality, or other techniques. This sequent calculus is also structurally
linear, with no contraction or weakening, but with unrestricted exchange.

The interesting thing happens in the context A, which is a list of category-
variables without variances on which the types in I' and M can depend. This
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dependence is “quadratic” in the following sense: all the rules maintain the invariant
that each variable in A appears twice in I' and M, and that the two occurrences
have opposite variance (where the variance of T' is flipped relative to M). In fact,
to be more precise, the actual dependence of I and M is on a category-context with
variances that is obtained from A by splitting each variable into two with opposite
variance. The implementation will, of course, use de Brujin indices; when writing
judgments with named variables, if x : A is a variable in A we write & T A and
% : A for the two corresponding signed variables that must appear in I" and M
(exactly once each).

If ¥ is a signed context, we write W0 for the unsigned context obtained by
discarding the variances, and also any hats or checks on the variables. And if the
variables in ¥ have hats and checks (which technically means that it was obtained as
part of a splitting an unsigned context), we write ¥ for the signed context obtained
by reversing the variances and interchanging hats and checks. In particular, we
always have W0 = (W)0.

With this notation, we can express the variable dependence conditions as follows:

A=90
U, U =0, 0,

Ul F T ctx

Uy - M type
As above, the notation U7 means that we reverse the variances of the variables in
¥, (without changing the hats and checks). For example, if A = (x : A) then we
could have ¥ = (& © A), so that Ut = (& : A); we could then take ¥y = (& : A)

and Uy = (2 © A), so that ¥* = (& © A) and so a well-formed judgement could
have # ' AT ctxand 2 * A+ A type. Note that that & is allowed to occur
covariantly in I', which counts as a negative occurrence overall, because I is itself
in a contravariant position.
To express rules more readably, we introduce the following combined judgment
Ul F T octx Uy - N type
Wy, Uy T ctx, NV type

A |T'F N requires as preconditions that

(1)

As always, concatenation of contexts is implicitly done up to permutation of
variables. Thus, the preconditions for A | I' = N to make sense can alternatively
be written as A = W0 where U, ¥t - I" ctx, N type.

If & appears in M and & appears in I', as above, then our judgment might look
like this:

x: A|N(E)F M(2)

In this case we are simply talking about a morphism of types “over the category A”
— in semantic terms, a natural transformation. The dual case when % appears in M
and & appears in I' simply represents a natural transformation between contravari-
ant functors rather than between covariant ones. With this case in mind, one might
say that we resolve the problem of “dependent linear type theory” by stipulating
that both the context and the conclusion of a “linearly dependent judgment” must
separately depend “linearly” on the same variables.

However, it is the additional freedom to allow & and & to both appear in M and
neither in I'; or vice versa, that gives us the ability to express formal versions of
nontrivial facts about category theory. Semantically, these judgments correspond
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to what are sometimes called eztraordinary natural transformations, or simply ez-
tranatural transformations. For example, each category A will have a type of mor-
phisms that is contravariant in its first variable and covariant in its second:
7 Ayt AF homa(z,y) type
To express the composition of such morphisms then requires an “extranaturality
judgment”:
x: Ay A z: Al homa(Z,y), homa(g,2) F homa(E, 2)
The identity morphism judgment is similarly extranatural on the other side:
x:A|-Fhomy (g, )

If a is a category-term in context W, we will write a' for the result of interchanging
hats and checks in a. This is “in context ¥!” but of course it is not well-typed on
its own; like a*,its purpose is to be substituted into a contravariant variable. See,
for instance, the substitution rule below.

2. STRUCTURAL AND ADMISSIBLE RULES
2.1. Basic rules. The basic structural rules for context formation are unsurprising,
given our linearity restriction:
Uy T ctx Uy - M type
-k ctx q’l,\pg}_F7MCtX
For the moment, we are hoping to describe a cut-free sequent calculus with an
admissible cut rule, and also admissible substitution for category-variables. We

discuss the cut rule in its own section, since it is somewhat complicated. But we
can state the intended identity rule at this point:

U+ M type
OO | MUt /U - M

For example, we might have
xJ:rA,y B,z " Ct M(zx,y,z) type
z:Ay:B,z:C|M(&,9,2) F M(&,9, 2)

The substitution rule for category-variables (which we also intend to be admissible)
will be

Uha:A Az:A|THM
A,V | T(a/z,a’ /2] - M[a/Z,a" /7]

Of course, by quadraticality, each of £ and & appears exactly once in I' and M
combined. We may abbreviate a substitution M|a/#,a’/Z] by Ma/x].

2.2. Cut rule. The basic cut rule looks like this:
Ay T FM Ay|Ty,MFN
M1 loop-free-unifies with M’ reducing A1, Ay to A by 6
A | T[0,607],T5[0,0T] - N[6,07]
As usual, we assume at the outset that the variables in A; and As are disjoint.

Then 0 is a substitution for some of the signed variables in Ay, Ag, assigning each of
them to a term depending on signed versions of other variables in Ay, As (i.e. with
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hats and/or checks), that is supposed to be produced by “loop-free unification” (to
be described). As usual, we write MT and 6t for the results of reversing all hats
and checks (here a purely syntactic operation); and A is the obtained by omitting
from A1, As those variables that are substituted for in 6.

The short description of loop-free unification is that it is like ordinary first-order
unification, except that

(1) after deciding on a substitution for a variable, we alter the remaining equa-
tions not just by that substitution but also by its dual (reversing hats and
checks); and

(2) an “identity” equation such as & = & is a failure rather than simply deleted
(the loop-free condition).

To explain this, we begin with simple examples. The simplest case is when neither
M’ nor M contains any duplicated variables. For instance, we can cut like this:

2:A|T1FM(@E)  y:A|Ty, M) FN
w: ATy, Toli/g] - N[z/g]

where unifying M (&) with M (7)" = M () produces § ~ &. (If it instead produced
& + ¢, then the conclusion would be the a-variant y : A | T'1[g/Z],Ts = N.) We
can also cut like this:

z: AT FM(f(2)) y:B| Ty, M(g) - N
z: AT, Dalf(2)/9] = N[f(2)/9]

Here the unification produces § — f(Z), and it must be that f is contravariant, i.e.

that w : AF f(u) : B. It may also happen that there are variable duplications in
the type being cut. For instance, we can cut:

w:i Ay AT FM(#4) z:A|Dy, M(33)FN
z: A | Fl[é/f,é/y],rg FN

Here we have unified M (&, ) with M(Z, 2) to get (& — 2,9 — 2). A different path

of unification could start by choosing Z — &, and then the dual of this equation

would alter the remaining equation §y = 2 to y = #. This would result in an

eventual substitution such as (2 — &,9 — &), giving the a-variant conclusion
A more complicated allowable cut is

x: Ay AT FM(Z,9,9) z:Aw:A|Ty, M(2,2,w)F N
z: A T[2/E,],T22/w] - N[2/0)]

Here unifying M(&,9,9) with M (2, 2,@) has produced (& — 2,9 — 2,4 +— 2).
Finally, here is an example where the loop-free condition fails:
x: A|Ty - M(E, ) y: Aoy, M(4,9) - N
777

Here the unification of M (&, &) with M (g, §) may begin by choosing & + ¢, but then
the remaining equation is substituted to become § = g, which fails the loop-free
condition.
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3. TYPE FORMERS

Now we are ready to start giving the rules for some type formers. Since we want
substitution into category-variables to be admissible, many rules must incorporate
a substitution; but they are easier to understand before that substitution has been
incorporated. Thus, we often give both versions. In the version without substi-
tutions, we also generally omit the judgments of well-formedness of the types and
contexts. Note that the version with substitutions included can usually be derived
fairly automatically from the other.

3.1. Morphism types. We begin with the morphism types. The formation and
right rules are straightforward given the expected variance:

A cat A cat
7 Ayt AF homa(z,y) type z: Al homy(%,1)

When we incorporate substitutions, these become:

A cat Ui ka:A Uokb: A Uhka:A
U1, Uy F homy(a,b) type U0 |- homy(al,a)

There are three versions of the left rule. The first “two-sided” one is a “directed”
analogue of the elimination rule for equality due to Lawvere and Martin-Lof:

Az: A|D[z/g] - M[E/g]
Ayz:Ay: A|T homa(2,9) - M

U, 0f 2T A 27 AFT ctx, M type
U, Fa:A U, Fb: A W A|TFM

U0 w0 W | Tla'/z,b/2), homa(a,b') - Mla'/Z,b/7]

Note that although we write substitutions in both I' and M, the linearity means
that each variable such as & or & can only occur in one of the two.
For instance, we can use this rule to define composition of morphisms:

i Arx: A
z:A|-Fhoma(Z,2)
x: Ay A|homa(Z,g) - homa(Z,9)

(2)

x: Ay A z: Al homa(Z,y),homa(g,2) F homa(E, 2)

Starting from the bottom we have the left rule on y, z, then the left rule again on
x,y, then the right rule on x. Note that = : A,y : A | homa (&, ) F homa(Z,9) is
an instance of the identity rule, so if we had that rule postulated we could stop
there; but if identity is to be admissible then it would reduce to the above complete
derivation.

Similarly, we have the functorial action of any judgment z @ A+ f (x): B:

z T AF f(z): B

z: Al-Fhomp(f(2), (7))
x: Ay Al homa(z,9) F homp(f (&), f(9))

(3)
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And the action of morphisms on types (directed transport):
Aul A M type
Ayx: A| M[z/ul b= M[Z/u)
Az Ay Al M[E/ul,homa (2, 9) F M[j/u]

(4)

We also consider “one-sided” left rules for morphism types (directed analogues
of the Paulin-Mohring rule for identity types):

A | Tpt/E] - M[b' /] A | T[a/z] - Mla/i]
A,z :A|T homy (& b") - M A,z :A|T homy(a,) - M
And with substitutions:
U, 0T Wy u: AFTctx, Mtype  Uybka:A WO WY | Dbl /u] - M[bT/u]
WO Y WO | Ilaf /u], homy(a,b') - M[a®/u]

U0t Ut v T AR Detx, Mtype  Upkb:A 00 00 | T[a/v] - Mla/v]
WO w0 W) | Tb/v], homa(a,bl) - Mb/v]

Note that these can be regarded as the two Yoneda lemmas, one for covariant
functors and one for contravariant functors.

Either one-sided rule makes the two-sided rule admissible, just as the Paulin-
Mohring rule implies the Martin-Lof one. For instance, here is a derivation of
the two-sided rule from the second one-sided rule, using substitution for category-
variables:

U,ba:A U z:A|TFM
U bb: A 0000 | T[al/z][a/i] - M[a'/Z][a)]
U0 w0 WY | T’ /7][b/#], homa(a,b') - Ma'/Z][b/3]
Conversely, here is a proof of the second one-sided rule when the variable is on the
right (i.e. v occurs in M rather than T'):

WO, @ A M[E/v] F M3 /0]
Uy Fb: A W, @ A,y A| M[/v], homa (,9) F M[g/v]
VO w0 | T+ Mla/v] WO,z A, ) | M[2/v], homa(2,b") F M[b/v]
W0 w® ¥ | T, homa(a,b') F M[b/v]

We've left the division of ¥ into ¥, and a W implicit; the unification at the cut
gives £ — a and matches up all the other variables in ¥,; with their counterparts
in ¥, so that W), disappears in the final conclusion.

(Can we do something analogous when v appears in I'? At least if we assume T’
is a single type, we can. I (Patrick) think this could probably be made to work in
general.)

V9, x: A| N[&/v] - N[&/v]
Ty bb: A W,z A,y: Al N[G/v],homa (&, ) F N[z/v]
T,z A, Y | N[b/v], homa(d,b") F N[z/v] v 00 | N[a/v] F M
% w0 oY | N[b/v], homa(a,b’) F M

Finally, note that with morphism types, we can make the categories into a 2-
category: the morphisms are judgments z : A F f(z) : B, and the 2-cells from f
to g are the judgments = : A | - + homp(f(Z),g(&)). The identity 2-cell is the
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hom g-right rule, while the composite of 2-cells (along a morphism) is obtained by
cutting with (??). Prewhiskering of a 2-cell is a substitution, while postwhiskering
is a cut with (?7).

3.2. Tensor. The rules for the plain (or “non-binding”) tensor are very similar to
those in ordinary linear logic.

Wy F M type Uy F N type
W, Uy =M ® N type

U, U - (D, M,N) ctx,C type ~ U° |T,M,N+ C
W T M@NFC

\IJM,\I!LFFM ctx, M type \IJN,\I/}LVFFN ctx, N type
W, | Ty M O |IyFN

o, 0% | Ty, InFMeN

3.3. Coend type. The coend type is significantly trickier than either of the exam-
ples we’'ve considered so far. It can be thought of as a sort of “quadratic X-type”
that binds a category-variable z in both covariant and contravariant positions at
the same time. This intuition is sufficient for the formation and left rules.

U, 2P A i AF M type
\Il}—f'r:AMtype

Ut 2T A G AR (D, M) ctx,Ctype U, 2: A|T,M+C
v IT, [ M

However, the right rule is trickier to state correctly. In order to get the necessary
generality, we need to allow the right rule to “decouple” the two occurrences of x
that are bound in the coend. Our first approximation to the rule might therefore
be:

(5)

Ax: Ay A|TE/z,9/2 F M[3/2,8/0,5/w,§/2]
Az:A|TH [ M

That is, to construct an element of f wA , we choose some other variable z that
may appear in M or in the context, and we alter the pairings

W 4w Z
to become instead
T

) > ¢

Z & Z

The simplest case of this is when Z and Z both occur in the context I'. In this case,
it can be used to derive a functoriality result for coends:
x: Ay Al M(g,8) F N(g, 2)
2 Al M(5,2) F [V N(w, )
ASTMG ) N ()
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(Hmm, should the bound occurrences of z on the final line still have their variances
reversed because of being in contravariant position in the context? That seems
wrong. .. ) The case when Z or Z appears in M instead is required, for instance, to
derive the backwards direction of the co-Yoneda lemma. The forwards direction is
easy using the left rules for tensor and coend:

x: A| M(E)F M(%)
x:Ay: A| M(y)®@homa(y,z) - M(Z)
z: Al [U M() @ homa(g, #) - M(#)

But the backwards direction requires the right rule for both, and in the case of the
coend we have Z appearing in the type being coended rather than in the context:

9)

x: A| M(Z)F M(z) y:A|-Fhomag(yg,
x: Ay Al M(&)F M(Z) ®homy(i,9)
2: A M(2)F [ M) @ hom (b, 2)

To prove that these are inverses requires either extensive manipulation of cut-
eliminations or a term calculus, so we postpone it until later.

However, (77) is insufficient (even before we worry about adding substitutions).
For one thing, it doesn’t seem to suffice to prove a more general functoriality of
coends in which the category also varies along a functor f : C' — A; we would like
to argue as follows:

x:Cyy: C| M(g, &) - N(f(9), f(@))
zC}—Méél—f‘”AN W)
T [FOM(2 5 [N (w,d)

but the first step is not justified by the right rule we have now, since w and w have
been replaced not by ¢ and & but by functions of them. A rule that allows this is

wiCha:A
Ax:Cy:C|T[2/2,9/2] - M[&/Z, a[2/u]/, aly/u]/w,§/Z]

6
©) Az:C|TH [ M

Of course, in general we want to allow a to depend on more than one variable, in
which case C needs to be replaced everywhere by a whole context.
(7)
Uy, U Wy, Ul =2 0p Wy, UEFTctx Wyt A : AF M type
\PQFCLSA \I/I%\Ify—q/g
W, W, Wy | T(W] /W, W, /Ws] - MIWE/L, [V, /Ws) /i, a[W ) Ws]' /10, 0, /U]

w0, 0y | T+ A

(We are unable to use the single-judgment version (??) of the preconditions, since
we need to ensure that @ and w appear in M rather than in I".) Note that an extra
generalization has also happened automatically: unlike Z and Z, each of which can
appear in only one of I' and M, the variables in ¥y and \IIE could each be distributed
with some in I" and some in M. Furthermore, this rule now includes substitutions
already, so we don’t need to incorporate them by a further step.
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3.4. Binding tensor types. The binding tensor M ®,.4 N can be defined as
i v A g ® N. Its derived rules, with their derivations, are:

Uy, ' AF Mtype  Wy,@: AR N type W0z A|T,M,NFC
Un,Un, 81 A2 AF M@ N type Wz AT, M@NHFC
o, Uy b [“ M@ N type T, [ MeNFC

©9,, 09 | Tar b Mla/w)] ¥, Y | T + Nla® /w)

O, 0%, 00,00 | Tar 01 /W], DN [0, /Wa) F (M @ N)[L/UL, a[¥, /Wa) /i, alC, /Wa]T /1, T, /Ts]
O, 0%, 0 | Tar, v F (YA MON

(In the right rule, we have renamed ¥, and ¥, back to U5 on the top line, for
readability.)
More generally, for a context ® = (z1 : Ay,...,x, : 4,) we can write M ®¢ N

for fxl:Al . f’”":A" M ® N. Its derived rules should be the following:

Uy, & Mtype Uy, df - N type v e |, M,N+C
U, Uy M ®g N type W T, M®s NFC

Toba:®d U8, 0| Ty - Ma/®] U, 05 | Ty F Nal/of
WY, 0,08 [Ty, Ty FM®e N

In the other direction, the non-binding tensor is of course recoverable from the
binding one by tensoring over the empty context. Less obviously, the coend should

be derivable by tensoring over (& TAG A) with hom 4 (&, &), but we should write
out the details.

3.5. End type. The end type is dual to the coend type. In particular, its formation
rule looks the same, and its right rule looks like the left rule for the coend type.

U, 24 Ad: AF M type
Uk [ M type

UUt 2t A7 AFTetx, Mtype U z:A|TFM
VO TH[ M

Its left rule similarly looks like the right rule for the coend; first without substitu-
tions:
Ax:Ay: AT[E/Z9/2], M[T/Z, 2/, &/w,§/2] - C[2/%,§/Z]
Az: AL, [ MEC

and then with them:

Uy 0], Wy, W & Up Uy UL FTctx Wi T A T AR M type
Uoba:A W, 20,20,
w0, vy, vy | Tl /], w, /W], MIW! /Wl a9, /W] /i, a[ W, /o) Jui, @, /o] = N[WE/ O], W, /0]

0 0
\Ill"IIZ | 1ﬂ’fw:AI\J FN
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3.6. Function types. The non-binding function type acts mostly like a linear func-
tion type, except that it reverses the variance of category-variables in its domain.

Uy b Mtype Uy F N type U, 0T - (D, M) ctx, N type  ¥° |, M+ N
Ui, Uy M —o N type WI|TFM—-N

Uy, Ul Ty ctx, M type Wy, Wl F (Ty, N) ctx, C type
W T, FM W) |Ty,NFC
W0 | Ty,Ty,M — NFC

4. CATEGORY FORMERS

4.1. Opposites.

4.2. Tensor products.
4.3. Exponentials.
4.4. Collages.

4.5. The type classifier.

5. WITHOUT TERMS

We can do some category theory without a term calculus. All we need is the
fact that the left/right rules for each type former express a universal property. In
other words, for a positive type like hom 4, tensor, and coend:

e Applying the left rule, then cutting with the right rule, gives back what we
started with. This should be essentially the principal cut corresponding to
this type former in the proof of cut admissibility.

e Cutting with a right rule, then applying the left rule, also gives back what
we started with. Equivalently, two sequents containing such a type on the
left are equal if they become equal upon cutting with the right rule. This
should dually follow from the proof of admissibility for identity.

The situation with negative types like hom and end is the same but with the roles
of right and left switched.

(We also need the fact that cut is associative, unital, and commutes with things
like substitution.)

5.1. The co-Yoneda lemma. Recall that in 7?7 we defined the sequents going in
both directions of the co-Yoneda lemma:

x:A| M(Z)F M(i)
z: A| [ M) © homa(, &) b

v A|M(E)FM(@E)  y:A|-+homa(g,9)
x: Ay Al M(F) - M(2) ® homa(g, §)
2 A M(Z)F [ M(h) @ hom 4 (1, 2)
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If we cut these together in the order
M(Z)F [ M (1) @ homa (i, £) - M(2)

we have a right-then-left for the coend, and upon reducing that we have a right-
then-left for the tensor, which reduces back to the identity. And if we cut them in
the other order

[ M (1) @ homa (w0, 2) F M(2) F [ M (1) ® hom 4 (i, 2)

then we can test its equality with the identity by cutting with the two right rules
on the left that form the map M (2) - fw:A M (@) @ hom 4 (w, 2); thus this direction
follows from the other.

6. TERMS

For now, the rules for terms are written without substitutions incorporated.
We just take care that for variables mentioned explicitly in the contexts of the
conclusion, it would make sense to substitute any reasonable term for them wherever
they occur in the term being defined.

6.1. Morphism types.

x:A|-Fid(z) : homa (&, &)

Az A|T[2/g,2/2| Em: M[2/],2/%]
Az:Ay: AT, f :homa(2,9) F J(xy.M,z,m;z,y, f): M

(2-SIDED)

J(x.y.M, z,m;z, x,id(x)) =m J(xy.M,z,mlz/x,z/y,id(z)/fl;z,y, f) =m

We will show that the following one-sided elimination rules are actually admiss-
able.
A|TEFm: Mla/z]
A,z A|T, f:homa(a, &) - J(m;z, f) : M

(COVARIANT)

A|TFm: Mb/Z]
A,J;:A|F,f:homA(i*7b)l—j(m;:c,f):M(

CONTRAVARIANT)

J(m;a,id(a)) =m J(mla/z,id(a)/f];z, f) =m

J(m;b,id(b)) = m J(m[b/z,id(b)/fl;x, f) =m
The derivation of the covariant rule is as follows:

x:Alm: MFm:M

A|TkHt: Mla/Z] x: Ay Alm: M, f:homA(Z,9) - J(x.y.M,z,m;z,y, f): M[j/z]

A,y : AT, f:homa(a,9) b J(z.y.M,a,t;a,y, f) - M[)/Z]

Thus we define j(m; x, f) = J(x.y.M,a,m;a,z, f). The computation rules are easy
to check.
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6.2. The rest. Tensor types:
AM|FM|—tm:M AN|FNFtn:N
AM,AN|FM,FN|—tm®tn:M®N

AT )m:Mn:NFkc:C
AT\t : MONFE (letm®n:=tinc):C

(let m@n =t 1, in¢) = c[tm/m,tn/n] (et m@n:=tincfm®n/z]) = c[t/z]
Coend types:
ANz Ay A|TE/2,9/2Fm: M[E/2,&/w,§/w,5/2]
Az AITE (mix 227 inm):fw:AM

T
g

Ve k- C type Aw:A|Tm:MbFc:C
AT, t: [ ME (let (w,m):==tinc):C

T =z

Note that both the left rule and the right rule bind variables! The term (mix ;.Z
binds # : A and y : A in m, while the term (let (w,m) =t in ¢) binds w : A and
m : M in c. Also there is some sort of “renaming in the context” going on as we
pass across the mix, since the I above the line is also a substitution instance.

However, I (Mike) can’t figure out what the computation rule should say, for
reasons that make me wonder whether a term calculus is doomed to failure. Going
back to the principal cut for the coend type, there are actually several different
possible such cuts:

Az Ay AT [/2,9/2) - M[2/2, 3/, 9/, 7/2] Aw:A|T,MFC
ANz AT F [ M AT, [“*MFC
AA (2 AT, T C

depending on how the occurrences of Z and Z are distributed through IV and M.

inm)

e If both are in I, then z ¢ A, so z : A remains in the context of the
conclusion separate from A, A’.

e If both are in M, then we must have z € A, and the cut is disallowed
because it forms a variable loop.

e If one is in M and one in IV, then one must also be in I' and we have z € A,
so z : A doesn’t need to appear separately in the context of the conclusion.

In each case I can see how to reduce the cut, namely to the obvious
ANz Ay AT [E/2,9/2 - M[2/2,2/w, /0, 9/2] Aw:A|T,MEC
AN (z: AT, EC

but this latter cut involves nontrivial category-variable manipulation because it’s
“contracting a string”, and I can’t figure out how to represent that by substitution.
In particular, the category-variables x, y appearing in one of the premises disappear
in the conclusion and I don’t see how to represent that disappearance in terms of
“substituting” something for them. But possibly I'm just being dense.

Perhaps the solution is that the notion of “substitution” has to involve a more
careful “matching up of variables” according to a loop-free string picture. See the
example below.
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Proof of co-Yoneda lemma, starting with one direction:

z:A|n:N(@E)Fn:N()
z:Ay:Aln:N(E),t:homa(z,9) F J(n,y, f) : N(@)
z:Ay:Alt: N(#) @homa(,9) F (letn® f=tinJ(n,y, f)): N@)

y:Alq: [T N(&) ©homa(2, ) b (let (z,t) == qin (letn® f ==t in J(n,y, f))) : N(

I think that we have to use the covariant J here, because when n depends on a
variable in the context we can’t “bind” it with x.n in the two-sided J. Now the
other direction:

x:A|n:N(@E)Fn:N(&) z:A|-Fid(2) : homa(Zz, 2)
x:Az:Aln: N(E)Fn®id(z): N(Z) ® homy(z, 2)
y:Aln:N@)F (mix e n®id(z)) :fw:AN(QI))@homA(w,gj)

Y
Y

It remains to check that they are inverse. Supposing the obvious reduction rule
o - T =2z - . _
(Iet (w,m) = (mlx g2 in n) in c) = ¢[m/n],

and given n' : N(Z), we have
(Iet (x,t) = (mix ﬁiz inn' ® id(z)) in(letn® f:=tin j(n,y,f)))

=(letn® f:=n ®id(z2) in j(n,y,f))

= J(n',z,id(z))

=n
This looks good superficially, but let’s think about what it actually means. In the
second line, the types are something like

n: N(w) f : hom (w0, ) n': N(Z) id(z) : homa (%, 2)

n® f: N(w) ®homa(w, ) n’ ®id(z) : N(#) ® homa(Z, 2)
So the “let n ® f = n’ ® id(z) in ”, which represents a principal cut of tensor-
right against tensor-left, actually involves a nontrivial stringy variable matchup,
with only one string even though there are 4 variables. Thus when it reduces, the
variables w and z disappear.

Similarly, the third term J (n/,z,id(z)) also represents a stringy cut, in which
the variable y is getting identified with an x and reducing away. Right now it’s
hard for me to believe in the term calculus with so much variable manipulation
being hidden.

y

)



